We show that complex semisimple quantum groups, that is, Drinfeld doubles of q-deformations of compact semisimple Lie groups, satisfy a categorical version of the Baum-Connes conjecture with trivial coefficients. This approach, based on homological algebra in triangulated categories, is compatible with the previously studied deformation picture of the assembly map, and allows us to define an assembly map with arbitrary coefficients for these quantum groups.
Introduction
If G is a second countable locally compact group and A a separable G-C *algebra, then the Baum-Connes conjecture for G with coefficients in A asserts that the assembly map µ A : K top * (G; A) → K * (G ⋉ r A) is an isomorphism [3] , [4] . Here K top * (G; A) denotes the topological K-theory of G with coefficients in A, and K * (G ⋉ r A) is the K-theory of the reduced crossed product.
For G a connected Lie group and A = C the trivial G-C * -algebra the assembly map is known to be an isomorphism [17] , [8] , but it is an open problem whether this is true for arbitrary coefficients A in the case of semisimple groups.
Meyer and Nest have reformulated the Baum-Connes conjecture using the language of triangulated categories and derived functors [21] . In their approach, the left hand side of the assembly map is identified with the localisation LF of the functor F (A) = K * (G ⋉ r A) on the equivariant Kasparov category KK G . One of the advantages of the Meyer-Nest picture is that it is very flexible, and applicable in situations where a geometric definition of the left hand side of the Baum-Connes assembly map is no longer available. This has previously been taken advantage of in the setting of discrete quantum groups, leading to explicit K-theory computations, see for instance [28] , [29] , [11] .
The present paper is devoted to the construction of an assembly map for complex semisimple quantum groups. These locally compact quantum groups, obtained as Drinfeld doubles of q-deformations of compact semisimple Lie groups and studied first by Podleś and Woronowicz [25] , feature in various contexts. This includes, among other things, combinatorial quantization of complex Chern-Simons theory [7] , and the construction of subfactors with property (T), see [1] .
We adopt the framework of Meyer and Nest to the situation at hand. If G q is a complex semisimple quantum group then it contains the q-deformation K q of the corresponding compact semisimple group K naturally as a quantum subgroup. We consider the associated induction and restriction functors and define compactly induced and compactly contractible actions in analogy with the case of classical semisimple groups. The analysis in the quantum case is in fact somewhat simpler since K q ⊂ G q is not only compact but also an open quantum subgroup. The localising subcategory of the equivariant Kasparov category KK Gq generated by compactly induced actions is complementary to the category of compactly contractible actions, so that general machinery from homological algebra allows us to define an assembly map for arbitrary G q -C * -algebras. In fact, for technical reasons we will mostly work at the level of continuous fields, assembling the quantum groups G q for varying deformation parameters into a global object. The corresponding variant of equivariant KK-theory will be developed along the way as far as needed for our purposes.
In order to analyse the assembly map we consider a specific projective resolution of the trivial action in KK Gq , built out of the Koszul complex for the module of differential forms over the representation ring of K q . According to general results in [20] , this leads to a cellular approximation of the trivial action in KK Gq . Since G q has a unitary braiding, one can also obtain cellular approximations for arbitrary actions in this way, using braided tensor product in the sense of [24] .
Our main result is that the assembly map for G q with trivial coefficients is an isomorphism. This is proved by invoking the results from [22] on the deformation of a complex quantum group into its associated quantum motion group. In this way we provide the first examples of genuine locally compact quantum groups satisfying the categorical Baum-Connes property beyond the discrete case. Our argument shows at the same time that the categorical assembly map is naturally compatible with the deformation picture developed in [22] .
Let us briefly explain how the paper is organised. Section 2 contains some preliminaries on complex semisimple quantum groups and other background material. In section 3 we discuss the notion of continuous fields of locally compact quantum groups. We explain in particular how Drinfeld doubles of compact semisimple Lie groups assemble naturally into continuous fields of locally compact quantum groups by varying the deformation parameter. Section 4 develops the basics of equivariant KK-theory for continuous fields of locally compact quantum groups. This generalises the corresponding constructions for locally compact quantum groups, corresponding to the case that the base space is a point, and groupoid equivariant KK-theory in the sense of [18] in the case that all fibers are classical groups. We define induction functors for continuous fields of open quantum subgroups, and verify that induction is left adjoint to restriction on the level of equivariant KK-theory. In section 5 we set up the homological machinery for equivariant KK-theory of complex quantum groups in the spirit of Meyer and Nest and construct the categorical Baum-Connes assembly map. Moreover we show that the assembly map with trivial coefficients is an isomorphism. In order to do so we consider a specific model of the Dirac morphism for complex quantum groups, constructed from the Koszul resolution of the representation ring of the classical maximal compact subgroup.
Let us conclude with some remarks on notation. We write L(E) for the algebra of adjointable operators on a Hilbert module E. Moreover K(E) denotes the algebra of compact operators. The closed linear span of a subset X of a Banach space is denoted by [X] . Depending on the context, the symbol ⊗ denotes either the tensor product of Hilbert spaces, the spatial tensor product of C * -algebras, or the spatial tensor product of von Neumann algebras. We use standard leg numbering notation for operators defined on multiple tensor products.
Preliminaries
In this section we collect some background material on locally compact quantum groups in general and complex semisimple quantum groups in particular. For more details and further information we refer to [30] , [22] .
Let φ be a normal, semifinite and faithful weight on a von Neumann algebra M . We use the standard notation
and write M + * for the space of positive normal linear functionals on M . Assume that ∆ :
for all x ∈ M + φ and ω ∈ M + * . Similarly one defines the notion of a right invariant weight.
Definition 2.1. A locally compact quantum group G is given by a von Neumann algebra L ∞ (G) together with a normal unital * -homomorphism ∆ :
and normal semifinite faithful weights φ and ψ on L ∞ (G) which are left and right invariant, respectively.
Our notation for locally compact quantum groups is intended to make clear how ordinary locally compact groups can be viewed as quantum groups, but for a general locally compact quantum group G the notation L ∞ (G) is purely formal. Similar remarks apply to the C * -algebras C * f (G), C * r (G) and C f 0 (G), C r 0 (G) associated to G that we discuss below. It is convenient to view all of them as different appearances of the quantum group G.
Let G be a locally compact quantum group and let Λ : N φ → L 2 (G) be a GNS-construction for the weight φ. We will only consider quantum groups for which L 2 (G) is a separable Hilbert space. One obtains a unitary W G = W on
for all x, y ∈ N φ . This unitary is multiplicative, which means that W satisfies the pentagonal equation W 12 W 13 W 23 = W 23 W 12 . From W one can recover the von Neumann algebra L ∞ (G) as the strong closure of the algebra (id ⊗L(L 2 (G)) * )(W ) where L(L 2 (G)) * denotes the space of normal linear functionals on L(L 2 (G)). Moreover one has
The group-von Neumann algebra (G) of the quantum group G is the strong closure of the algebra (L(L 2 (G)) * ⊗ id)(W ) with the comultiplication∆ : (G) → (G) ⊗ (G) given by∆ (y) =Ŵ * (1 ⊗ y)Ŵ , whereŴ = ΣW * Σ and Σ ∈ L(L 2 (G) ⊗ L 2 (G)) is the flip map. It defines a locally compact quantum groupĜ which is called the dual of G. The left invariant weightφ for the dual quantum group has a GNS-constructionΛ : Nφ → L 2 (G), and according to our conventions we have (G) = L ∞ (Ĝ). We writeǦ for the locally compact quantum group obtained fromĜ by equipping the underlying von Neumann algebra (G) with the opposite comultiplication∆ cop = σ∆, where σ is the flip map. The modular conjugations of the weights φ andφ are denoted by J andĴ, respectively. These operators implement the unitary antipodes in the sense that R(x) =Ĵx * Ĵ ,R(y) = Jy * J for x ∈ L ∞ (G) and y ∈ (G). Note that L ∞ (G) ′ = JL ∞ (G)J and (G) ′ =Ĵ(G)Ĵ for the commutants of L ∞ (G) and (G). Using J andĴ one obtains multiplicative unitaries
We will mainly work with the C * -algebras associated to the locally compact quantum group G. The algebra [(id ⊗L(L 2 (G)) * )(W )] is a strongly dense C *subalgebra of L ∞ (G) which we denote by C r 0 (G). Dually, the algebra [(L(L 2 (G)) * ⊗ id)(W )] is a strongly dense C * -subalgebra of (G) which we denote by C * r (G). These algebras are the reduced algebra of continuous functions vanishing at infinity on G and the reduced group C * -algebra of G, respectively. One has W ∈ M (C r 0 (G) ⊗ C * r (G)), and restriction of the comultiplications on the von Neumann level turns C r 0 (G) and C * r (G) into Hopf C * -algebras in the sense of [24] . For every locally compact quantum group G there exists a universal dual C * f (G) of C r 0 (G) and a universal dual C f 0 (G) of C * r (G), respectively [15] . We call C * f (G) the maximal group C * -algebra of G and C f 0 (G) the maximal algebra of continuous functions on G vanishing at infinity. Since L 2 (G) is assumed to be separable the
is unital, and it is called discrete if C * f (G) is unital. In the compact case we also write C f (G) and C r (G) instead of C f 0 (G) and C r 0 (G), respectively.
In general, we have a surjective morphismπ : C * f (G) → C * r (G) of Hopf C *algebras associated to the left regular corepresentation W ∈ M (C 0 (G) ⊗ C * r (G)). Similarly, there is a surjective morphism π : C f 0 (G) → C r 0 (G). We will call the quantum group G amenable ifπ : C * f (G) → C * r (G) is an isomorphism and coamenable if π : C f 0 (G) → C r 0 (G) is an isomorphism. If G is amenable or coamenable, we simply write C * (G) and C 0 (G) for the corresponding C * -algebras, respectively.
An open quantum subgroup H of a locally compact quantum group G is given by a surjective normal unital * -homomorphism π : L ∞ (G) → L ∞ (H) which is compatible with comultiplications [12] . The corresponding morphism π : C r 0 (G) → M (C r 0 (H)) takes values in C r 0 (H), and there exists a central projection 1 H ∈ M (C r 0 (G)) such that the map π identifies with π(f ) = 1 H f . Using the projection 1 H we obtain a canonical embedding ι :
. This map can be interpreted as extending functions on H by zero to all of G. Moreover we have a canonical inclusion map C * r (H) → C * r (G), compatible with the comultiplications.
For the definition of actions of locally compact quantum groups on C * -algebras and their crossed products we refer to [24] , or to the discussion in section 4 below. We shall gather here some results from [27] concerning induced C * -algebras. Assume that G is a regular locally compact quantum group and that H ⊂ G is a closed quantum subgroup. In fact, in the sequel we will only be interested in the case that H ⊂ G is open. From the quantum subgroup H ⊂ G one obtains a right coaction L ∞ (G) → L ∞ (G) ⊗ L ∞ (H) by right translations on the level of von Neumann algebras. The von Neumann algebraic homogeneous space L ∞ (G/H) ⊂ L ∞ (G) is defined as the subalgebra of invariants under this coaction.
defines a von Neumann algebraic imprimitivity bimodule between the von Neumann algebraic crossed product G ⋉ L ∞ (G/H) and (H). There is a C * -algebraic homogeneous space C r 0 (G/H) ⊂ L ∞ (G/H) and a C * -algebraic imprimitivity bimodule I ⊂ I which implements a Morita equivalence between G ⋉ r C r 0 (G/H) and C * r (H). Explicitly, we have [27] by first constructing G ⋉ r ind G H (A), and then applying a quantum version of Landstad's theorem characterising reduced crossed products. The crossed product of the induced
, and the Hilbert module implementing the Morita equivalence G ⋉ r ind G H (A) ∼ M H ⋉ r A can be concretely described as
We note that [27] supposes strong regularity of the quantum group G, but for the above constructions on the reduced level regularity is sufficient.
Let us now assume in addition that H ⊂ G is an open quantum subgroup. Since
). In other words, the projection p exhibits H ⋉ r A as a full corner of G ⋉ r ind G H (A) in this case.
After these general considerations let us now briefly review the definition of complex semisimple quantum groups, referring to [30] for the details. We start with a simply connected semisimple complex Lie group G, its associated Lie algebra g, and a positive real deformation parameter q = 1. Fix a Cartan subalgebra h ⊂ g, and let k ⊂ g be the Lie algebra of the maximal compact subgroup K ⊂ G with maximal torus T such that t ⊂ h, where t is the Lie algebra of T . We fix simple roots α 1 , . . . , α N , their corresponding coroots, and denote by P the set of weights for g. The set P + ⊂ P of dominant integral weights is the set of all non-negative integer combinations of the fundamental weights ̟ 1 , . . . , ̟ N .
The C * -algebra C(K) of continuous functions on the maximal compact subgroup K of G can be described as completion of the algebra of matrix coefficients of all finite dimensional representations of g. In a similar way one constructs the C * -algebra C(K q ) as completion of the algebra of matrix coefficients of all finite dimensional weight modules for the quantized universal enveloping algebra U q (g) associated with g.
The irreducible finite dimensional weight modules of U q (g) are parametrised by their highest weights in P + as in the classical theory. We will write V (µ) q , or simply V (µ), for the module associated to µ ∈ P + . We fix the * -structure on U q (g) as in [30] and note that the representations V (µ) q for µ ∈ P + are unitarizable with respect to this * -structure. In fact, one can identify the underlying Hilbert spaces V (µ) q with the Hilbert space V (µ) 1 = V (µ) of the corresponding irreducible representation of U (g) in a natural way, compare [23] .
By construction, the C * -algebra C(K q ) contains the canonical dense Hopf *algebra of matrix coefficients, which has a linear basis given by the elements u µ ij = e µ i | • |e µ j , where µ ∈ P + and e µ 1 , . . . , e µ n is an orthonormal basis of V (µ) consisting of weight vectors. In terms of matrix elements, the Haar state φ :
and we write∆ =∆ q :
) for its comultiplication. The algebra C * (K q ) contains the algebraic direct sum of the matrix algebras K(V (µ)) as a dense subalgebra, and one can choose a basis ω µ ij for each K(V (µ)) dual to the matrix coefficients u µ ij . With these choices, the fundamental multiplicative unitary W ∈ M (C(K q ) ⊗ C * (K q )) can be written as the strong * convergent sum
and comultiplication
Here W denotes the multiplicative unitary from above.
By definition, a unitary representation of G q on a Hilbert space H is a nondegenerate * -homomorphism C * f (G q ) → L(H). A basic example is the left regular representation of G q on L 2 (G q )), which is constructed using the fundamental multiplicative unitary. The reduced group
The definition of G q given above makes perfect sense for q = 1, by starting with the classical algebra of functions C(K) and the group C * -algebra C * (K) instead of their deformed versions. It is important to keep in mind, however, that the resulting function algebra C 0 (G 1 ) is far from being isomorphic to the algebra of functions on the group G. We also note that the group C * -algebra C * (G 1 ) can be identified with the crossed product K ⋉ ad C(K) of the action of K on C(K) induced from the adjoint action of K on itself.
In the proof of our main result we will need to consider two locally compact quantum groups closely related to G 1 . Firstly, repeating the Drinfeld double construction with the maximal torus T instead of K yields the locally compact quantum group T ⊲⊳T , which is nothing but the direct product of the classical abelian groups T andT . Secondly, we will consider the relative Drinfeld double T ⊲⊳K, obtained by replacing C(K) with C(T ) in the construction of C 0 (G 1 ), while keeping the factor C * (K). In this case the comultiplication involves the bicharacter (π ⊗ id)(W ) instead of W , obtained from the canonical restriction homomorphism π : C(K) → C(T ).
Continuous fields of locally compact quantum groups
In this section we discuss continuous fields of locally compact quantum groups. Such continuous fields can be viewed as particular examples of locally compact quantum groupoids [10] , for which many of the technical intricacies of the general theory of locally compact quantum groupoids disappear. Nonetheless, we will only sketch some key definitions and constructions.
Let X be a locally compact Hausdorff space. Recall that a C 0 (X)-algebra is a C * -algebra A together with a nondegenerate * -homomorphism C 0 (X) → ZM (A), where ZM (A) denotes the center of the multiplier algebra of A. We will usually not distinguish between f ∈ C 0 (X) and its image in ZM (A) in our notation, and write f a = af for the product of f ∈ C 0 (X) and a ∈ A. If A and B are C 0 (X)algebras then a * -homomorphism ϕ :
for all a ∈ A and f ∈ C 0 (X). In this way C 0 (X)-algebras with C 0 (X)-linear *homomorphisms form naturally a category. The definition of C 0 (X)-linearity also applies to * -homomorphisms ϕ : A → M (B).
Let
The image of a ∈ A under the canonical quotient map A → A x will be denoted by a x , and we have a = sup x∈X a x for all a ∈ A. Moreover, the norm function N a : X → R, N a (x) = a x is upper semicontinuous and vanishes at infinity. A C 0 (X)-algebra A is called a continuous field of C * -algebras, or simply continuous, if N a is continuous for all a ∈ A. The trivial continuous field over X with fibre D is the C * -algebra A = C 0 (X) ⊗ D with the obvious C 0 (X)-algebra structure. Its fibers A x identify canonically with D for all x ∈ X.
Let A be a C 0 (X)-algebra. A continuous field of representations of A on a Hilbert C 0 (X)-module is a C 0 (X)-linear * -homomorphism ϕ : A → L(E), with respect to the canonical action C 0 (X) → M (K(E)) = L(E) obtained from the C 0 (X)-module structure on E. Such a continuous field induces representations ϕ x : A x → L(E x ) for all x ∈ X, where E x = E ⊗ C0(X) C is obtained by the taking interior tensor product with respect to evaluation at x ∈ X. A continuous field of faithful representations is a continuous field of representations such that all maps ϕ x are injective. If A admits a continuous field of faithful representations on some Hilbert C 0 (X)-module E then A is continuous, and the converse holds if A is separable, see Théorème 3.3 in [5] .
If A is a C 0 (X)-algebra then a C * -valued weight from A into C b (X) = M (C 0 (X)) is given by a hereditary cone P ⊂ A + , closed under multiplication by elements from the positive part C 0 (X) + of C 0 (X), and a linear map ω from the linear span M of P into M (C 0 (X)), such that ω(f a) = f ω(a) for all a ∈ M and f ∈ C 0 (X) + . We will only consider regular C * -valued weights in the sense of Kustermans, and refer to [14] for more details.
Let A, B be C 0 (X)-algebras. We define the C 0 (X)-tensor product A ⊗ C0(X) B of A and B as in Definition 1.6 of [13] . If A and B are continuous fields of C * -algebras and X is compact then this agrees with the minimal balanced tensor product as defined by Blanchard in Definition 3.19 of [5] . The category of C 0 (X)-algebras becomes a monoidal category with this tensor product, with monoidal unit given by C 0 (X) with its obvious C 0 (X)-algebra structure.
Let us now define continuous fields of locally compact quantum groups, compare section 7.2 in [10] and [9] . Definition 3.1. Let X be a second countable locally compact space. A continuous field of locally compact quantum groups over X is a continuous field of C * -algebras C r 0 (G) over X together with a nondegenerate * -homomorphism ∆ :
together with C * -valued weights φ and ψ from C r 0 (G) into M (C 0 (X)) which are fibrewise left and right invariant KMS-weights, respectively.
We point out here that the fibers C r 0 (G) x together with the comultiplications
induced from ∆ are naturally Hopf C *algebras. The requirement on φ and ψ in Definition 3.1 is that the induced weights φ x , ψ x in all fibers are left and right invariant KMS-weights in the sense of [16] . In particular, the fibers C r 0 (G) x of a continuous field in the sense of Definition 3.1 determine locally compact quantum groups, which we will denote by G x in the sequel. We will assume throughout that the underlying C * -algebras of our continuous fields of locally compact quantum groups are separable.
From the C * -valued weight φ one obtains a Hilbert C 0 (X)-module L 2 (G) and a continuous field of multiplicative unitaries W on L 2 (G) ⊗ C0(X) L 2 (G), compare Definition 4.6 in [5] , such that W x is the fundamental multiplicative unitary of G x for all x ∈ X. Moreover, the comultiplication ∆ can be written as ∆(f ) = W * (1 ⊗ f )W as in the case of locally compact quantum groups. Let us say that a continuous field of locally compact quantum groups is regular if the corresponding continuous field of multiplicative unitaries W is regular, see section 4.2 in [5] . We will only be interested in regular continuous fields in the sequel.
The dual of a continuous field of locally compact quantum groups G is obtained from the right leg of W by setting
where L(L 2 (G)) * is the continuous field of preduals as in Définition 4.2 of [5] . Together with the comultiplication∆(x) =Ŵ * (1 ⊗ x)Ŵ forŴ = ΣW * Σ this can be made again a continuous field of locally compact quantum groups. We will writeĜ for the resulting continuous field, so that we have C r 0 (Ĝ) = C * r (G) with comultiplication∆, and we writeǦ for the continuous field obtained by swapping the comultiplication in C r 0 (Ĝ). Let us now discuss the key example of a continuous field of locally compact quantum groups that we will be interested in. We fix q = e h > 0 and consider a simply connected semisimple Lie group G with maximal compact subgroup K. With the notations as in section 2, there are natural continuous fields of C * -algebras C(K) and C * (K) over [0, 1] with fibers C(K) σ = C(K q σ ) and C * (K) σ = C * (K q σ ), which assemble to a continuous field of C * -algebras
with fibers C 0 (G) σ = C 0 (G q σ ), see [5] , [22] . The fiberwise coproducts determine a coproduct ∆ : C 0 (G) → M (C 0 (G) ⊗ C[0,1] C 0 (G)) which turns C 0 (G) into a continuous field of locally compact quantum groups over [0, 1].
Equivariant Kasparov theory
In this section we develop the basics of equivariant KK-theory for continuous fields of locally compact quantum groups. Throughout let X be a fixed second countable locally compact space.
Let G be a continuous field of locally compact quantum groups over X, and let A be a C 0 (X)-algebra. An action of G on A is an injective nondegenerate C 0 (X)linear * -homomorphism α :
We will also say that A is a G-C * -algebra in this case. A G-equivariant * -homomorphism between G-C *algebras A, B with coactions α, β, respectively, is a C 0 (X)-linear * -homomorphism ϕ : A → B such that βϕ = (id ⊗ϕ)α. This notion of equivariance makes sense also for * -homomorphisms ϕ : A → M (B). The trivial action of G is given by C 0 (X), viewed as a C 0 (X)-algebra over itself, with the canonical map C 0 (X) → M (C r 0 (G) ⊗ C0(X) C 0 (X)) ∼ = M (C r 0 (G)) as coaction. Let G be a continuous field of locally compact quantum groups and let β : [24] for the notion of multiplier modules of Hilbert modules and their morphisms. We will also say that E is a G-Hilbert B-module in this case. A G-Hilbert space is a G-Hilbert module over the trivial G-C * -algebra B = C 0 (X).
If
Moreover K(E) becomes a G-C * -algebra with the adjoint action ad λ :
Let us next discuss crossed products and duality. If A is a G-C * -algebra then the reduced crossed product G ⋉ r A is defined by
. Note that the reduced crossed product is naturally a C 0 (X)-algebra. The dual actionα : G ⋉ r A → M (C r 0 (Ǧ) ⊗ C0(X) G ⋉ r A) on the reduced crossed product is given byα(x) =V 12 (1 ⊗ x)V 12 , compare Theorem 4.2 in [26] . HereV = ΣVΣ, whereV is the continuous field of multiplicative unitaries constructed from W in the same way as for locally compact quantum groups, see section 2.
Let K G = K(L 2 (G)) and consider K G ⊗ C0(X) A ∼ = K(L 2 (G)⊗ C0(X) A) as a G-C *algebra with the conjugation action of the action λ(x ⊗ a) = X 12 Σ 12 (id ⊗α)(x ⊗ a) on L 2 (G) ⊗ C0(X) A, where X = ΣVΣ, compare [24] . As a special case of the results in [26] we obtain the following version of Takesaki-Takai duality.
Theorem 4.1. Let G be a regular continuous field of locally compact quantum groups and let A be a G-C * -algebra. ThenǦ⋉ r G⋉ r A is naturally G-equivariantly isomorphic to K G ⊗ C0(X) A.
We will now sketch the construction of equivariant KK-theory for continuous fields in the sense of Definition 3.1, in analogy to the case of locally compact quantum groups [2] , [24] . Let G be a continuous field of locally compact quantum groups over X. Moreover let A and B be separable G-C * -algebras. A G-equivariant Kasparov A-B-module is a countably generated graded G-equivariant Hilbert Bmodule E together with a G-equivariant * -homomorphism φ : A → L(E) and an odd operator F ∈ L(E) such that
are contained in K(E) for all a ∈ A, and F is almost invariant in the sense that
and ad λ is the adjoint action associated to the given action λ : We note that KK G (A, B) becomes an abelian group with addition given by the direct sum of Kasparov modules. Many properties of ordinary KK-theory and equivariant KK-theory for locally compact quantum groups carry over to the Gequivariant situation. This includes in particular the construction of the Kasparov composition product and Bott periodicity [2] , but we will not spell out the details. As usual we write KK G 0 (A, B) = KK G (A, B) and let KK G 1 (A, B) be the odd KK-group obtained by suspension in either variable. We note that in the case that G is the trivial field of trivial (quantum) groups over X, Definition 4.2 reduces to RKK(X; A, B) in the sense of Kasparov [13] .
the set of unitary equivalence classes of G-equivariant Kasparov

A-B-modules. This set is functorial for G-equivariant * -homomorphisms in both variables. A homotopy between G-equivariant Kasparov
Using Theorem 4.1 one obtains the following version of the Baaj-Skandalis duality theorem [2] . Theorem 4.3. Let G be a continuous field of regular locally compact quantum groups. For all G-C * -algebras A and B there is a canonical isomorphism
which is multiplicative with respect to the Kasparov product.
We note that under this isomorphism the class of a G-equivariant Kasparov A-B-module (E, φ, F ) is mapped to the class of aǦ-equivariant Kasparov module (J G (E), J G (φ), J G (F )) with an operator J G (F ) which is exactly invariant under the coaction of C r 0 (Ĝ). Let G be a continuous field of regular locally compact quantum groups and let E and F be G-Hilbert B-modules which are isomorphic as Hilbert B-modules. Then we have a G-equivariant isomorphism
of G-Hilbert B-modules where L 2 (G) is viewed as a G-Hilbert space using the left regular representation. Using the Kasparov stabilisation theorem we deduce the equivariant stabilisation theorem, namely that there is a G-equivariant Hilbert B-module isomorphism H ⊗ B) for every countably generated G-Hilbert B-module E, where H is some fixed infinite dimensional separable Hilbert space.
It follows from Baaj-Skandalis duality that KK G (A, B) can be represented by homotopy classes of G-equivariant Kasparov 
Using the G-equivariant Morita equivalence between K G ⊗ C0(X) B and B we see that KK G (A, B) can be represented by homotopy classes of equivariant Kasparov (K G ⊗ C0(X) A)-B modules of the form (L 2 (G) ⊗ C0(X) E, φ, F ) with invariant F . Using equivariant stabilisation we can furthermore assume that (
Our next aim is to establish the Cuntz picture of KK G for regular continuous fields of locally compact quantum groups. This can be done in a similar way as in [19] , [24] . Let G be a continuous field of locally compact quantum groups and let A 1 and A 2 be G-C * -algebras. In analogy to the construction of A 1 ⊗ C0(X) A 2 in [13] we define the C 0 (X)-free product A 1 * C0(X) A 2 as completion of the image of the algebraic free product of A 1 and A 2 in all possible common C 0 (X)-representations of A 1 , A 2 on Hilbert modules over the bidual C 0 (X) * * . It is straightforward to check that A 1 * C0(X) A 2 is a C 0 (X)-algebra such that the canonical * -homomorphisms ι j : A j → A 1 * C0(X) A 2 for j = 1, 2 are C 0 (X)-linear. Using the universal property of A 1 * C0(X) A 2 we obtain a C 0 (X)-linear * -homomorphism α :
). This map satisfies all properties of an action except that it is not clear whether α is always injective. If necessary, this technicality can be arranged by passing to the quotient of A 1 * C0(X) A 2 by the kernel of α. By abuse of notation we will write again A 1 * C0(X) A 2 for the resulting G-C * -algebra, although this quotient may depend on G. The resulting G-C * -algebra is universal for pairs of G-equivariant * -homomorphisms f 1 : A 1 → C and f 2 : A 2 → C into G-C * -algebras C. That is, for any such pair of * -homomorphisms there exists a unique G-equivariant * -homomorphism f : A 1 * C0(X) A 2 → C such that f ι j = f j for j = 1, 2.
Let A be an G-C * -algebra and consider QA = A * C0(X) A. There is a canonical extension 0 / / qA / / QA π / / A / / 0 of G-C * -algebras with G-equivariant splitting; here π is the homomorphism associated to the pair f 1 = id A = f 2 and qA its kernel.
Writing [A, B] G for the set of equivariant homotopy classes of G-equivariant * -homomorphisms between G-C * -algebras A and B and K for the compact operators on some separable Hilbert space, we arrive at the following description of the equivariant KK-groups. 
for all separable G-C * -algebras A and B. If we write K(G) = K G ⊗ K we also have a natural isomorphism
under which the Kasparov product corresponds to the composition of homomorphisms.
Consider the category G-Alg of all separable G-C * -algebras and G-equivariant * -homomorphisms for a regular continuous field of locally compact quantum groups G. A functor F from G-Alg to an additive category C is called a homotopy functor if F (f 0 ) = F (f 1 ) whenever f 0 and f 1 are G-equivariantly homotopic. It is called stable if for all separable G-Hilbert spaces H 1 , H 2 the maps F (K(H j ) ⊗ C0(X) A) → F (K(H 1 ⊕ H 2 ) ⊗ C0(X) A) induced by the canonical inclusions H j → H 1 ⊕ H 2 for j = 1, 2 are isomorphisms. As in the group case, a homotopy functor F is stable iff there exists a natural isomorphism F (A) ∼ = F (K(G) ⊗ C0(X) A) for all A. Finally, F is called split exact if for every extension
Equivariant KK-theory can be viewed as an additive category KK G with separable G-C * -algebras as objects and KK G (A, B) as the set of morphisms between objects A and B. Composition of morphisms is given by the Kasparov product. There is a canonical functor ι : G-Alg → KK G which is the identity on objects and sends equivariant * -homomorphisms to the corresponding KK-elements. This functor is a split exact stable homotopy functor. As a consequence of theorem 4.4 we obtain the following universal property of KK G , compare again [19] .
Theorem 4.5. Let G be a regular continuous field of locally compact quantum groups. The functor ι : G-Alg → KK G is the universal split exact stable homotopy functor on the category G-Alg. More precisely, if F : G-Alg → C is any split exact stable homotopy functor with values in an additive category C then there exists a unique functor f :
Let us also explain how KK G becomes a triangulated category, compare [21] . Let ΣA denote the suspension C 0 (R) ⊗ A of a G-C * -algebra A. Here C 0 (R) is equipped with the trivial coaction. The corresponding functor Σ : KK G → KK G determines the translation automorphism. If ϕ : A → B is a G-equivariant *homomorphism then the mapping cone
is a G-C * -algebra in a natural way, and there is a canonical diagram
Diagrams of this form are called mapping cone triangles. By definition, an exact triangle is a diagram ΣQ → K → E → Q in KK G which is isomorphic to a mapping cone triangle.
The proof of the following proposition is carried out in the same way as for regular locally compact quantum groups [21] , [24] . Proposition 4.6. Let G be a continuous field of regular locally compact quantum groups. Then the category KK G together with the translation functor and the exact triangles described above is triangulated.
We will need a version of the Green-Julg theorem for continuous fields of compact quantum groups. Here a continuous field of locally compact quantum groups G is called compact if all fibers of C r 0 (G) are compact quantum groups. If A is a C 0 (X)algebra we write res E G (A) for the G-C * -algebra A with the trivial action, given by sending a ∈ A to 1 ⊗ a ∈ M (C r 0 (G) ⊗ C0(X) A). Theorem 4.7. Let G be a continuous field of compact quantum groups. Then there is a natural isomorphism
Similarly, the composition
The categorical Baum-Connes assembly map
In this section we define and study the categorical assembly map for complex quantum groups in the framework of Meyer and Nest. Throughout we fix a positive real number q = 1 and let G be the continuous field of locally compact quantum groups over [0, 1] with fibers G t = G q t as described at the end of section 3.
From the construction of G one sees that the maximal compact quantum subgroups in each fiber define a continuous field of compact quantum groups K ⊂ G, and in fact a continuous field of compact open quantum subgroups. In particular, we have associated induction and restriction functors. Let us define full subcategories CC, CI ⊂ KK G by
Then the category CC is localising, and we let CI ⊂ KK G be the localising subcategory generated by CI.
Recall that a pair (L, N) of thick subcategories of a triangulated category T is called complementary if T (L, N ) = 0 for all L ∈ L and N ∈ N, and every object A of T fits into an exact triangle L → A → N → L [1] with L ∈ L and N ∈ N. Proof. Using the fact that K ⊂ G is open this is proved in the same way as Theorem 7.3 in [20] . More precisely, since ind G K is left adjoint to the restriction functor res G K by Theorem 4.8, one finds that the ideal ker(res G K ) in KK G has enough projective objects, and that these projective objects are precisely the direct summands of objects in CI. According to Theorem 3.31 and Theorem 3.21 in [20] this yields the claim.
Due to Proposition 5.1 each object A ∈ KK G fits into an exact triangle L A → A → N A → L [1] , and complementarity ensures that this triangle is unique up to isomorphism. This way one obtains a functor L : KK G → KK G which is given by L(A) = L A on objects, together with a natural transformation L(A) → A. The resulting morphism will also be referred to as a CI-cellular approximation, or simply cellular approximation, of A.
By definition, the assembly map for G with coefficients in A ∈ KK G is the induced map µ A : K * (G ⋉ r L(A)) → K * (G ⋉ r A) on the K-theory of the reduced crossed products.
We are mainly interested in the assembly maps for the fiber quantum groups, which are constructed in exactly the same way. More precisely, we obtain subcategories CC q t , CI q t and CI q t in KK Gt = KK G q t by replacing G and K in the above constructions with the fiber quantum groups G t = G q t and K t = K q t , respectively. The same proof as for Proposition 5.1 shows that the pair ( CI q t , CC q t ) in KK G q t for t ∈ [0, 1] is complementary, and we obtain cellular approximation functors L q t : KK G q t → KK G q t .
Definition 5.2. Let G q be a complex semisimple quantum group and let A be a G q -C * -algebra. The categorical Baum-Connes assembly for G q with coefficients in A is the map
We shall now construct a cellular approximation P q → C for the trivial action of G q starting from the Koszul complex of the representation ring R(K q ) = R(K). For later use, it will in fact be convenient to consider this construction on the level of the continuous field G.
As a first step let us give a concrete description of the homogeneous space ind G K (C[0, 1]) = C 0 (G/K). We can identify
In other words, C 0 (G/K) is isomorphic to C * (K) in such a way that the left coaction of C * (K) on C 0 (G/K) becomes the regular coaction. The left coaction of C(K) on C 0 (G/K) is identified with the fibrewise conjugation action of K on C * (K), implemented by W ∈ M (C(K) ⊗ C[0,1] C * (K)). Proof. According to Theorem 4.8 we obtain isomorphisms
=∆ cop (C * (K))(1 ⊗ C * (K)) = C * (K) ⊗ C[0,1] C * (K).
Since the continuous field C * (K) is isomorphic to the constant field C[0, 1]⊗ C * (K) the first formula follows. The second formula is verified in a similar way.
Recall that the representation ring R(K) = Z[̟ 1 , . . . , ̟ N ] is a polynomial ring generated by the classes of the fundamental representations V (̟ 1 ), . . . , V (̟ N ) of K. For each 1 ≤ j ≤ N we obtain a chain complex of free Z[̟ j ]-modules
Here the differential is given by multiplication with ̟ j −d j , where d j = dim(V (̟ j )). We form the Koszul complex C by taking the tensor product of these complexes, that is,
, compare section 4.5 in [31] . By construction, the Koszul complex is a complex of free modules over R(K) = Z[̟ 1 , . . . , ̟ N ]. Writing e i for the generator of the module Z[̟ j ] in degree 1 of C (j) , we may view the underlying module of C as the exterior algebra of the free R(K)-module Ω = Ω 1 Z (R(K)) with basis e 1 , . . . , e N . More precisely, we get a R(K)-basis of the component C k of C in degree k ≥ 1 given by the elements e i1 ∧ · · · ∧ e i k for 1 ≤ i 1 < · · · < i k ≤ N , such that the differential in C reads
Since the elements ̟ j − d j form a regular sequence in Z[̟ 1 , . . . , ̟ N ], the Koszul complex can be augmented to an exact chain complex
Here ǫ : Λ 0 Ω = R(K) → Z is the augmentation homomorphism given by ǫ(̟ j ) = d j . Note that the resulting augmented chain complex is free as a complex of Z-modules, so that we can find a Z-linear contracting homotopy for it.
We shall now lift this complex to the level of KK G . For 0 ≤ k ≤ N let r k = N k be the rank of the R(K)-module Λ k Ω and consider the G-C * -algebra
which shall we view as a direct sum of copies of C 0 (G/K) indexed by the basis vectors e i1 ∧· · ·∧e i k from above. Then we may identify K 0 (P k ) = Λ k Ω, and we claim that we can build the differential ∂ of the Koszul complex using morphisms in KK G . To this end it is enough to implement the multiplication action of ̟ j on R(K) by an element of KK G (C 0 (G/K), C 0 (G/K)). Inspecting the proof of Proposition 5.3, one checks that this is induced by the class corresponding to 1⊗̟ j ∈ R(K)⊗ Z R(K). The map ǫ : R(K) → Z can be lifted to the class induced by 
in KK G , which upon taking K-theory gives the augmented Koszul complex. Here, by slight abuse of notation, we denote the boundary maps at the level of KK G by the same symbols as their counterparts in the Koszul complex.
Lemma 5.4. The complex P defines a CI-projective resolution of the trivial G-
Proof. By construction the objects P n are CI-projective. For exactness it suffices to observe that the action of K on C 0 (G/K) is K-theoretically trivial, so that we can write down a contracting homotopy at the level of KK K , by lifting a Z-linear contracting homotopy of the augmented Koszul complex.
From Lemma 5.4 we obtain a CI-cellular approximation of C[0, 1] using general machinery from homological algebra in triangulated categories [20] . More precisely, starting from P one constructs, in the terminology of [20] , a phantom castle over C[0, 1] in KK G . The corresponding cellular approximation tower yields an exact triangle P → C[0, 1] → N → P [1] in KK G such that P ∈ CI and N ∈ CC. The object P can be described as homotopy colimit of the cellular approximation tower, and together with the morphism P → C[0, 1] in KK G from the triangle this provides a CI-cellular approximation of C[0, 1].
The analogous constructions for the fiber quantum groups provide cellular approximations as well. More precisely, for every t ∈ [0, 1], the morphism
We are mainly interested in the case t = 1 and the resulting assembly map for G q .
Let us remark that braided tensor products allow us to describe the assembly map for G q with arbitrary coefficients using P q . More precisely, Theorem 3.6 in [24] with G = G q and H = K q yields for all A ∈ KK Gq . It follows that P q ⊠ Gq A is contained in CI q , and the canonical morphism P q ⊠ Gq A → C⊠ Gq A ∼ = A is a cellular approximation of A. In particular, the Baum-Connes assembly map for G q with coefficients in A ∈ KK Gq is the
We shall only discuss the case of trivial coefficients here.
Theorem 5.5. The complex quantum group G q satisfies the Baum-Connes conjecture. That is, the assembly map
Proof. Let us consider the homological functor F from KK G to the category of abelian groups given by F (A) = K(G ⋉ r A). We may compute K n (G ⋉ r P) using the ABC spectral sequence from [20] for the functor F . The first page of this spectral sequence can be written as E 1 mn = F n (P m ), where P is the projective resolution in KK G obtained above and F n (A) = K n (G ⋉ r A). Moreover, the differential d 1 : E 1 mn → E 1 m−1,n is the map F n (P m ) → F n (P m−1 ) induced from the differential in P . In the same way we obtain spectral sequences with respect to the fibers of the continuous field G.
We shall study the situation for the classical fiber G 0 = G 1 in more detail. For convenience let us write again P for the corresponding resolution of C in KK G1 . The group C * -algebra C * r (G 1 ) can be identified with C * r (G 1 ) = [(C * (K) ⊗ 1)ad(C(K))] = K ⋉ ad C(K), the crossed product of C(K) with respect to the adjoint action of K. Explicitly, the corresponding coaction ad : C(K) → C(K) ⊗ C(K) is given by ad(f )(s, t) = f (sts −1 ). Note that ad(f ) = U * (1 ⊗ f )U where U ∈ L(L 2 (K) ⊗ L 2 (K)) is the unitary operator given by
With this description at hand let us explain how to interpret reduced crossed products with respect to G 1 as iterated crossed products, first byK and then by K. More precisely, let A be a G 1 -C * -algebra. Then the coaction γ :
corresponds to a pair of coactions α : A → C(K) ⊗ A, λ : A → M (C * (K) ⊗ A) such that γ(a) = (id ⊗λ)α, see Proposition 3.2 in [24] . We therefore obtain
In the special case A = C 0 (G 1 /K 1 ) we getK ⋉ r C 0 (G 1 /K 1 ) ∼ = K(L 2 (K)), with the action of K given by conjugating with the adjoint action on L 2 (K). Inspecting the resulting isomorphism G 1 ⋉ r C 0 (G 1 /K 1 ) ∼ = C * (K) ⊗ K(L 2 (K)) we see that the induced differentials in K * (G 1 ⋉ r P ) are trivial. According to Theorem 5.1 in [20] it follows that K * (G 1 ⋉ r P 1 ) is equal to the exterior algebra ΛΩ 1 Z (R(K)) with its grading into even and odd components. The main result of [6] shows that this agrees with the group K * (C * (G 1 )) = K * (K ⋉ ad C(K)) on the right hand side of the assembly map.
However, we still need to verify that µ 1 is indeed an isomorphism. In order to do so consider the canonical forgetful functor KK G1 = KK K⊲⊳K → KK T ⊲⊳K , where T ⊲⊳K denotes the relative Drinfeld double as in section 2. Taking iterated crossed product yields a commutative diagram K * (G 1 ⋉ r P 1 ) ∼ = K K * (K ⋉ P 1 ) K K * (C(K)) = K * (K ⋉ ad C(K)) K * ((T ⊲⊳K) ⋉ r P 1 ) ∼ = K T * (K ⋉ P 1 ) K T * (C(K)) = K * (T ⋉ ad C(K)) µ1 µ T 1 of equivariant K-theory groups, in which both vertical arrows are obtained from the natural map K K * (A) → K T * (A) for any A ∈ KK K . We shall compare the bottom map µ T 1 in this diagram with the assembly map for the trivialT -C * -algebra C. SinceT is a torsion-free discrete group the categories CCT and CIT of compactly contractible and compactly induced algebras in KKT are determined from the forgetful functor KKK → KK. Starting from the Koszul resolution for the trivial R(T )-module Z, constructed in a similar way as the one over R(K) described further above, we obtain a CIT -projective resolution
in KKT , where Q k = r k j=1 C * (T ) and r k = N k . This yields a natural identification of the K-groups K(Q k ) = Λ k Ω 1 Z (R(T )) with exterior powers of the module of differentials for R(T ). From the projective resolution Q we obtain a cellular approximation tower and aT -C * -algebra Q ∈ CIT together with a CIT -cellular approximation Q → C in KKT . We may view this as a morphism in KKK via the restriction mapK →T , and even as a morphism in KK T ⊲⊳K if we equip both Q and C with the trivial T -action.
Let us compare the complexes P and Q. We consider the morphism φ : P → Q in KK T ⊲⊳K given by taking the direct sum of the canonical morphisms C * (K) → K ⋉ C(K/T ) ∼ M C * (T ) in KK T ⊲⊳K obtained from the unit map C → C(K/T ). Here we equip K ⋉ C(K/T ) with its canonical T -action by inner automorphisms, and the dual coaction of C * (K). We note that φ is not a chain map, but the composition ψ :K ⋉ r P →K ⋉ r Q →T ⋉ r Q in KK T induced fromK ⋉ r φ and the obvious projection is. This is simply due to the fact that the induced differentials in the complexesK ⋉ r P andT ⋉ r Q are all trivial.
We augment φ with the identity on C ∈ KK T ⊲⊳K , and obtain a corresponding augmentation of ψ from the obvious projection C(K) → C(T ) in KK T . Notice thatK ⋉ P 0 ∼ = C ∼ =T ⋉ Q 0 in KK T . Now
is a commutative diagram in KK T , and we conclude that the augmented map ψ is still a chain map. Comparing the corresponding spectral sequences we obtain a commutative diagram
The bottom map K T * (T ⋉ r Q) → K T * (C(T )) in this diagram is an isomorphism. Indeed, the action of T is trivial on bothT ⋉ r Q and C(T ), and hence the claim follows from the fact that K * (T ⋉ r Q) → K * (C(T )) is an isomorphism by the Baum-Connes conjecture for the abelian groupT .
Combining our above considerations with a diagram chase we conclude that µ 1 is injective, and that the image of µ 1 identifies with the Weyl group invariant part of ΛΩ 1 Z (R(T )). Now Theorem 5.3 in [6] show that this is precisely the image of K K * (C(K)) in K T * (C(T )). It follows that µ 1 is an isomorphism. Now consider the commutative diagram K * (G q ⋉ r P q ) K * (C * r (G q )) K * (G ⋉ r P) K * (C * r (G))
obtained by specialising the assembly map for G to the fibers at the endpoints of the interval [0, 1]. The continuous field G ⋉ r P is Morita equivalent to the constant field C * (K). Therefore both left vertical maps in the above diagram are isomorphisms. According to Theorem 6.2 and Theorem 6.5 in [22] , the right vertical maps are both isomorphisms as well. Hence commutativity of the diagram allows us to deduce that µ and µ q are isomorphisms.
From the proof of Theorem 5.5 it follows in particular that the assembly map constructed using deformations in [22] is canonically isomorphic to the assembly map µ q obtained from the categorical setup discussed here.
